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An algorithm for finding the first integrals of fourth-order non-linear differential equations, encountered when describing non-
linear wave processes, is proposed. The use of the method is illustrated by a number of examples. The first integrals obtained
are employed to construct a solution of the generalized fifth-order Korteweg—de Vries equation in travelling-wave variables, which
is expressed in terms of hyperelliptic integrals. © 2005 Elsevier Ltd. All rights reserved.

1. INTRODUCTION

Finding first integrals is, essentially, one of the main problems of mechanics and the theory of differential
equations in attempts to obtain a general solution of any problem in quadratures.

Several fifth-order differential equations have been proposed to describe waves on water [1, 2]. One
of these has the form
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Here o and [ are small parameters

o =alh, B=hil

a is the amplitude of the perturbation, # is the depth of the liquid, / is the wavelength, 7 is the dimensionless
surface tension coefficient, y is the dimensionless distance from the surface (0 <y < 1), and n(&, ¢) is
the wave profile, which depends on the coordinate & and the time 7.

For arbitrary values of the parameters o, B and 1, Eq. (1.1) does not belong to a class of exactly solvable
equations, since it does not pass the Painlevé test [3]. Using an approach similar to that used previously
in [3], it is possible to obtain only a certain set of particular solutions. However, for a special choice of
the variables and the parameters
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Eq. (1.1) can be converted to a non-linear fifth-order equation (the primes on B’ and ¢’ are omitted)

w, £€=1Lz t=- (1.2)

Wt W~ 10ww,, + Bw,,, — 20w,w,, + 3Ow2wZ -6Bww, = 0 (1.3)
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When B = 0, Eq. (1.3) is a fifth-order Korteweg—de Vries equation. The generalized modified fifth-
order Korteweg—de Vries equation
W+ W+ Bw,,, —40ww,w, — IszwZZ - 10w2 + 3Ow2wz - 6l3w2wz =0 (1.4)

27227 222

is connected with Eq. (1.3) by a Miura transformation [4-6].
If we seek a solution of the wave equations (1.3) and (1.4) in travelling-wave variables

w(z, 1) = y(x), x = z—cyt

then, from Egs (1.3) and (1.4), after integration with respect to x, we arrive at the following non-linear
ordinary differential equations

Yerne = 109V =537 +105° + By, = 3y") + By + 1 = 0 (1.5)

Veerr = 105"y~ 103y + 6y° + B, ~2)") + 8y +1 = 0 (1.6)

Here we have introduced the following notation: 8 = —¢g, and L is a constant of integration.

The problem arises of finding a general solution of Eqs (1.5) and (1.6). It is well known that, to
integrate N ordinary differential equations in the general case, it is necessary to know N first integrals.
Howeyver, for autonomous systems it is sufficient to known N-1 first integrals, while to integrate
Hamiltonian systems in quadratures, as a rule, it is sufficient to know N/2 first integrals, which follows
from Liouville’s theorem [7-9].

Finding first integrals of many non-linear differential equations (particularly of high order) often
involves considerable difficulties, which is explained by the lack of a general approach to solving this
problem.

In this paper we propose an algorithm for finding the first integrals of non-linear differential equations
having the form of polynomials in the dependent variable and its derivatives. The algorithm consists
of the following stages: (1) choosing the leading terms of the non-linear differential equation, (2) writing
a polynomial with undetermined coefficients, corresponding to the first integral of the new differential
equation, which contains leading terms of the initial equation, (3) solving systems of linear algebraic
equations for the coefficients of the first integral of the new differential equation with leading terms
of the initial differential equation, (4) writing a polynomial with undetermined coefficients
corresponding to the initial equation, and (5) solving systems of algebraic equations for the coefficients
of the new polynomial and representing the first integrals of the initial differential equation.

It should be noted that it will be hardly possible to realize this algorithm without using widely employed
analytical calculation programmes of the MAPLE and MATHEMATICA types.

The proposed algorithm is illustrated by finding the first integrals of Eqgs (1.5) and (1.6) and the
following non-linear fourth-order differential equations, which are also encountered in wave dynamics

Vexs + 5VVex =5V e~ 5yyi+y -8 = 0 (1.7)
VoVrer Ve 29Vex <aVex 9Vs p 1
yxxxx—4—i§ﬁ‘i‘—3—;f+7—’;{i‘—58ﬁ—§;—)§+ 108y—’3‘+\;y2-—282—5+u =0 (1.8)
2 2
— 2%‘-‘-" - %Xy— + 2y’yy2’” ~5Y"Y - gyyi + gys ~By’+uy =0 (1.9)

Equation (1.7) is the stationary case of the Sawada—Kotera equation, used to describe a number of
wave processes [10]. If, on the right-hand side of Eq. (1.7), we add the expression oxy, where o is a
parameter, and y and x are dependent and independent variables, then Eq. (1.7) defines a new non-
classical special function, expressed in terms of the solution of a fourth-order non-linear differential
equation [11-13]. Equation (1.5) is widely known when B = 0. It is noteworthy that, when adding the
expression o to the right-hand side (o is a parameter and x is the variable), we also define new special
functions. All the differential equations indicated above are special cases of a differential equation which
arises in the Hénon and Heiles model for describing the behaviour of a star in the middle of the galactic
field [14-16]. Equations (1.8) and (1.9), obtained in [17-19], arise as special cases of higher analogues
of Painlevé equations, defining new special functions.
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In order to construct general solutions of Eqgs (1.5)—~(1.9) in quadratures, it is necessary to obtain at
least two first integrals of these equations.

2. AN ALGORITHM FOR FINDING FIRST INTEGRALS

In fact, all the differential equations mentioned above have one fairly obvious first integral, which can
be found by multiplying the differential equation by the derivative y, and dividing by a certain power
of y. However, one first integral cannot be so simply obtained. Hence, we will use a single approach to
find the first integrals of all the differential equations mentioned above.

We will consider the determination of the first integral of a differential equation. For convenience
we will introduce the following notation

Y=Y YTV Yax T V20 Yaxx T Y Yuxax T V4
Suppose it is required to obtain the first integral of the following non-linear differential equation
Ya = E(o, ¥, ¥2 ¥3) (2.1)
Suppose also that there is a first integral of Eq. (2.1) in the form
P(yo y1» ¥2 ¥3) = C; (22)

where C; is an arbitrary constant.
According to the definition of the first integral for an autonomous differential equation, the first
integral (2.2) satisfies the following partial differential equation

oP
Zy..+1ay = Q00 Y1» Y2 Y3 Ya) V4 = E(Yo, Y15 Y2, ¥3)) (2.3)
n=0 n

where Q( Y0, Y1, Y2, Y3, ¥4) is @ certain expression, which may depend on the variable y and its derivatives.
Bearing in mind that y, satisfies Eq. (2.1), we obtain from Eq. (2.3)

2
JP
Zyn+1a +E(y0!y1’y2’y3)a =0 (24)
n=0 ,

This is a fundamental equation from which one can find the first integrals of the non-linear differential
equations mentioned above.

To carry out the first stage of the proposed algorithm, we substitute the following expressions into
the differential equation being investigated

p+2

1
Yo = B/x’, yy = —pBo/s""", y, = p(p+1)By/x

(2.5)

Y3 = =p(p+ 1)(p+2)Bo/x" ">, y, = p(p+1)(p+2)(p +3)By/x"**

It should be noted that formulae (2.5) are identical with the corresponding formulae of the
Painlevé-Kovalevskaya algorithm when analysing non-linear differential equations on the Painlevé
property. Comparing the terms of the differential equation and choosing the least degree in the
expressions obtained, we obtain a value of the exponent p (for an exactly solved differential equation
this value, as a rule, is always equal to an integer, usually unity or two). Carrying out this procedure,
we obtain that p = 2 for Eq. (1.5) and p = 1 for Eqs (1.6)—(1.9). For example, all terms but the last are
leading terms of Eq. (1.7).

The differential equation made up of the leading terms of Eq. (1.7), takes the form

Vewer + 59— 5V Ve = 5yy3 4y = 0 (2.6)

Substituting expressmn (2.5) with p = 1into Eq. (2.6), we obtain that all the terms of this differential
equation have degree x™°. It is natural to expect that the first integrals of Eq. (2.6) will have the form
of polynomials, also consisting of terms of one degree when (2.5) is substituted, and they will be of less



208 N. A. Kudryashov

degree than the terms of Eq. (2.6). Hence, the next stage in obtaining the first integrals of Eq. (1.7) is
to construct a polynomial with undetermined coefficients, all the terms of which have the same, but
lower degree, than Eq. (2.6). This form of polynomial can be constructed using the following recurrence
formula

Proa = Y3Prt 0Proi ¥ Y1Pria+YoPres, k=0,..,n

2 3 (2.7)
Py=1, P =y, Py=y+Yy P3=y+yy+

As a result of calculations using formula (2.7) we obtain a polynomial, each term of which, when
expressions (2.5) is substituted into it, has the same degree. To construct the simplest first integrals of
the differential equations mentioned above, one must choose a polynomial for which n > 6.

In this paper, when obtaining the first integrals of all the differential equations, we use a polynomial
in which n = 12. In the polynomial obtained using formulae (2.7), for each of the terms we introduce
undetermined coefficients, the finding of which leads to the construction of the first integral of the
corresponding differential equation. Below we use a polynomial with undetermined coefficients in the
form

3 2 2 4, 2 2, 2
Py = agyy + (a1yoYy + @251 + asyoy: +as¥o)ys + (asy, +agyo)y2ys +
2 3 5 4 23 4.2 6 8
+(a70Y] + agyo¥1 + AgY0)Y2¥3 + (A10¥1 + @11Y0Y1 + A13Y0Y1 + A13YeY 1 + A1sY0)Y3 +
4 3, 3 3 2.2 4 6, 2
+boyy + (byyoy; + bayp)yz + (bayy + byyoyy + bsyoy; + beyo)yz + (2.8)
4 33 5 2 7 9
+ (b7yoy1 + bgyoy1 + boYoy1 + b1oYoy1 + b11Yo)y2 +
6 4 2.3 4.2 6 8, 2 12
+ oy + (€Y1 + Y0¥ + C3Yo¥1 + CaYoY1 + C5Yp) VoY1 + C6Yo

Polynomial (2.8) with undetermined coefficients ay, ... , @14, by, -.. , b11, Co, ... , CsWas used to construct
the first integrals of Eq. (2.6) in the form

P=P,ly’'=¢C, j=6,..,12 (2.9)

Substituting expression (2.9) into Eq. (2.6) withj = 6, and determining the coefficients of polynomial
(2.8) by solving linear algebraic equations, we obtain the simplest first integral of Eq. (2.6).

12 53 522 15
P(yo, 1, Y2 ¥3) = y1¥3 = 3¥2 + 3¥1 - 5Y0¥1 + g¥o = € (2.10)

It can be seen that the order of the power of each term in (2.10), after substituting expressions (2.5)
into it, is equal to six. It follows from Eq. (2.10) that the simplest first integral of Eq. (1.7) takes the
form

P(Y, Y0 Yiw Yerx) =0y = K| (2.11)

Here K and henceforth K,, K5 and K, are arbitrary constants.

Solving the algebraic equations for the coefficients ay, ... , ay, bg, ... , b1y, ¢y, --. , Cg Of polynomial
(2.8), we find that all these coefficients are equal to zero whenj = 7, 8, 9, 10, 11. However, when
J = 12 we obtain a polynomial which can be represented in the form of one more independent first
integral

3 2 15
Y3+ (§y3 - 9yoy1)y§ +F\ (o Y1 32)Ys = Y2 + 290y ¥

2
+Fy(yo y1)¥2 + F3(yo y1)y2 + F4(yo y1) = G (2.12)

where

15 0) 2 2 2 4 4 923 42 17 6
Fi(g yp o) = (3'}’1‘3}’0)}’2"'3(}’1—2)’0)’1 +)’o)}’o)’2—7}’1‘§}’0)’1 +30)’o)’1—7)’o)’1
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25 3 4 117 2 2 13 ¢
Fy(¥o 1) = Y1+ 15y0y1 — ==Yo¥1 = = Yo
2 4 4
4 33 5 2 7 9
F3(¥, ¥1) = 9yoy1 —30y5y; +36y5y1 — 18yey; + 3y,
Fy )___226+§§25+4_-5_44_1_§263+1_982+310 17 n
Vo Y1) = 3}’1 2)’0)’1 8)’0)’1 6 YoY1 4)’0}’1 Yo 24)’0

In Eq. (2.12), C, is an arbitrary constant. It can be seen from expression (2.12) that each term of this
differential equation has an order of singularity equal to twelve. To find the first integral of the initial
equation we must use a new polynomial with undetermined coefficients in the form 8P, + 8°P,. As a
result we obtain one more first integral of Eq. (1.7)

3 34 2 2 ~ 15 4 3.3
yxxx+(§y -9y yx)yxxx+F1(y’ Yo yxx)yxxx—§Yxx+2y Yur ¥

+F2(3, vy + Fah vy + Fanyy) = K, (2.13)

where
- ~ 9
Fl(ysyxayxx) = Fl(y’yx’yxx)_36yxx+98yyx’ F2(y’yx) = FZ(y’yx)_iay
~ 2 2 4
F3(ya yx) = F3(ya yx)—gayx+ 188}) yx—38y
~ 27 9
Fa(y,y,) = F,(0,5,) + T8yy3 - 78y3yf ~(68y° - 38"y, - 552y2

Substituting y,,, from Eq. (2.11) into Eq. (2.13), we obtain a second-order differential equation of
the sixth degree, which is also the first integral of Eq. (1.7). The two first integrals obtained are sufficient
to express the general solution of Eq. (1.7) in terms of hyperelliptic integrals, since the initial differential
equation can be written in the form of a Hamiltonian system.

3. FIRST INTEGRALS OF EQS (1.5), (1.6), (1.8) AND (1.9)

The procedure for finding the first integrals of Egs (1.5), (1.6), (1.8) and (1.9) is largely similar to that
described in the previous section for Eq. (1.7). However, substitution of expressions (2.5) into Eq. (1.5)
shows that the degree of the singular equation is equal to two. Consequently, the corresponding equation,
consisting of the leading terms of Eq. (1.5), takes the form

Yerre—10yy.. —5y>+10y° = 0 (3.1)

The polynomial with undetermined coefficients for finding the first integrals of Eq. (3.1) takes the
form
2 2 3 2.2
Py = Agy3Yo+ A1ysYayi + Agysy1Yo + Asyy + Agyzyo +

2 4 4 2.3 6
+AsyY1Yo+ AgYaYo + A7yy + Agy 1Yo + Agyy (3.2)

Formula (2.9) is then used, and we obtain the first integrals of Eq. (3.1) with orders of the degrees
of the leading terms of x* and x'°. Bearing in mind the additional polynomials, the first integral can
be written in the form

1 541 1
Ydeer = 5Yer = W+ 33" + 5B -2y + 58" +uy = K, (3.3)
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One more first integral of Eq. (1.5) can be represented in the form
Voen = 1299, Y x = 49V + 293000+ 205 0 4 30y, - 2437 +

+ By — 3y2) + 829y — Y2 49)) + 2U(y, = 3Y)) = K, (34

These two first integrals are sufficient to express the general solution of Eq. (1.5) in terms of hyperelliptic
integrals.

Substituting formulae (2.5) into Eq. (1.6), we obtain the order of the degree of the singular equation,
equal to unity. The leading terms of the differential equation have degree x°. To find the first integrals
we also used polynomial (2.8) of the twelfth degree. The first integrals obtained take the form

1 1 1
YuYuxx— Eyix—syzy;zc +y6+ iB(yi_y4) + §8y2+ Ly = K] (35)

2 2 22 2 5 4 4 2 8
yxxx—lzy yxyxxx_4y yxx+4yyxyxx+ 12}’ yxx—yx+30y yx—gy +
3,2 2 4 3
+B(yxx_2y) +8(2yyxx_yx_3y )+2u’(y_xx_2y ) = KZ (36)

We used the algorithm described above to obtain the first integrals of Egs (1.8) and (1.9). The first
integral of Eq. (1.8) takes the form

2 2 4 2
yxyxxx lyxx yxyxx 9yx 5 yx 121 1
— +:=-20=+:0"—-pu-+vy =K (3.7
2 3 4 i
o2y Yo Byt 2yt 2t Ty

When finding the first integral (3.7) we first obtained the first integral of the equation consisting of
the leading terms, and then part of the integral which takes into account the terms with the parameters.
One more first integral of Eq. (1.8) has the form

2 2 6
Yxxx 6yxyxxyxxx+3yxyxxx+9yxyxx 9yxyxx 9Yx

2 3 4 4.6
y y y )’ y y
R Vi y 197, 1
—26[ Yadans X’-‘i‘—lo 2 4‘§J a(ﬂﬁ‘—ny") 25° L+
y y y y y y y
2 Y
+2Vy,, — 3y +2u—3‘-’—‘—u——+68v +28u—— =K, (3.8)
y )" )’

The first integral (3.8) was obtained taking into account the singular part of Eq. (1.8), which was
1n1t1a11y obtained for a differential equation composed of the leadmg terms (the differential equatlon
in this case can be obtained from Eq. (1.8) assuming 8 = p = v = 0). The first integral obtained is
identical with Eq. (3.8) when d = p = v = 0. We further add to the expression obtained the additional
polynomials of lower degree, which take into account the parameters J, 4 and v.

The first integral of (1.9), obtained using the algorithm proposed above, takes the form

2 2 '
VY xxx 1Yxx ViYxx 5 2 15 1 3 _

When finding the first integral (3.9) we also bore in mind the dimensionality of the parameters B
and W. One other first integral of Eq. (1.9) has the form

2 3 2.2
Y YV xx¥ 1y Yy 2 yy
x;x_z X xx3 xxx___8 xyxxx"gi;'*' x4xx__ xx+11 X xx+5y Yoot

y y y y

1 XX
+10y%y% - ?Oye + Zuy— —apy’ - 2Byy,, + 2By; + 2By’ = K, (3.10)
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The integrals presented above can be used to construct general solutions of Eqs (1.5)-(1.9).

4. THE GENERAL SOLUTION OF EQ. (1.5)

To illustrate the algorithm we will consider the general solution of Eq. (1.5). The solution of Eq. (1.5)
with § = 0 was obtained for the first time by Drach [20], and the general solution of this differential
equation was then rediscovered by others [21, 22].

We will obtain the general solution of Eq. (1.5) when 8 # 0. We will use the variables

- 2 s poyy 12 g3 1
H = yxx-3y _28’ I = YYxx 2yx 3y 2“-
The first integrals (3.3) and (3.4) can then be represented in the form
2.1 1.2 1
nyx—(y +§5—By)H—(B+2y)J~§H +3Bdy = K, (4.1)

H:+BH* -4HJ +B3H = K, (4.2)
Suppose P(f) is the hyperelliptic curve of the second kind
P(t) = £+ mot4 + mlt3 + m2t2 +mst+my

Here myg, m, m,, ms, my are undetermined coefficients. Substituting the expression for J(x) from (4.2)
into (4.1) and assuming

y = 2@ + o) -B), H() = Ju(x)(x)
with the condition that
(u~v)u, = J/Pu) (u-v)v, = -J/P(v) (4.3)
we obtain from the first integrals (4.1) and (4.2)
P(t) = £ =3Br* + 3B%+28)F — 4ur* + 2(B%5 + 4K )1 + 4K, (4.4)
From Eqs (4.3) we obtain the system [23, 24]
Ly(u(x)) + Ip(v(x)) = K5, Li(u(x)) +I;(v(x)) = x+ K, 4.5)

K dt " tdt
Ip(w) = j-ﬁ;(_?) ILw) = j—Pm

which is identical with the Jacobi integrals that occur in transformation theory [23]. The solution of
system (4.5) is similar to the solution obtained by Kovalevskaya to describe the motion of a rigid body
about a fixed point [25, 26]. This solution is a meromorphic function, is expressed explicitly in terms
of the Riemann theta-function and is constructed on curve (4.4). For certain relations between the
parameters of Eq. (1.5) we can write special cases of the solution of this equation using hyperelliptic
integrals (4.5).

This research was supported financially by the Russian Foundation for Basic Research (01-01-00693)
and the International Scientific-Technical Centre (1379-2).
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